Casimir energy of a dilute homogeneous dielectric ball at zero temperature is calculated for arbitrary physically possible frequency dispersion of dielectric permittivity ε(iω). There are no divergences in calculations because in the realistic model of dilute ball atoms interact at distances greater than average interatomic distance λ, so λ is a natural physical cut-off. It is proved that Casimir surface force is attractive. *
Introduction
In the recent paper [1] we suggested exact recipe for a solution of the problem of divergences in Casimir energies of connected dilute dielectric bodies (dielectric permittivity ε(iω) satisfies the condition ε(iω) − 1 ≪ 1 for all frequencies) using dilute dielectric ball as an example. The solution of the problem is natural. Interatomic distance (denoted here by λ) serves as a physical cut-off of otherwise divergent expressions. We demonstrated in [1] that Casimir-Polder (long distance) contribution to the energy yields attractive contribution to Casimir force if number of atoms inside the ball is conserved. For description of contributions from all distances greater than λ , in dilute approximation the potential of dipole-dipole interaction must be used (dipole-dipole potential yields Casimir-Polder and van der Waals potentials in the long and short distance limits respectively). In [1] we proved equivalence of dipole-dipole interaction and Casimir energy in the order (ε(iω)−1) 2 for homogeneous dielectrics , so this interchange is completely legitimate.
In the present paper in section 2 we derive general formula for Casimir energy of dilute homogeneous ball in the order (ε(iω) − 1) 2 valid at zero temperature for arbitrary physically possible frequency dispersion of dielectric permittivity ε(iω) of the ball. Also in section 2 it is proved that for dilute dielectric ball satisfying the condition of atomic number conservation and homogeneity Casimir surface force is attractive for arbitrary physically possible frequency dispersion of dielectric permittivity ε(iω). This proof should be valid for other connected dielectric bodies as well.
So the object of study is a dispersive dielectric ball of radius a at zero temperature which is dilute, i.e. dielectric permittivity ε(iω) of the ball satisfies the condition ε(iω) − 1 ≪ 1 for all frequencies ω. Casimir energy is calculated in the second order (ε(iω) − 1) 2 , the lowest order that yields energy of interaction of atoms constituting the ball. We use units = c = 1, define polarizability α(iω) via ε(iω) − 1 = 4πρ α(iω), ρ is a number density of atoms , Casimir-Polder potential is defined by −23 α 1 (0)α 2 (0)/4πr 7 .
Casimir energy of dilute ball
In this section we first calculate energy of neutral atoms constituting ball of radius a due to dipole-dipole pairwise interaction. It was proved in [1] that this energy is equal to Casimir energy of the ball in the order (ε(iω) − 1) 2 . Then we prove that Casimir surface force is attractive for arbitrary physically possible dielectric permittivity ε(iω) of the ball.
Dipole-dipole interaction of two neutral atoms with atomic polarizabilities α 1 (iω) and α 2 (iω) is described by potential [2] 
where r is a distance between two atoms. Energy calculation is illustrated by Fig.1 . Suppose that atom (molecule) with atomic polarizability α(iω) is located at point B. One has to integrate interaction of atom at point B via potential (1) with atoms separated by distances greater than interatomic distances λ from point B and integrate over all atom locations B inside the ball to calculate the energy. Assuming homogeneity of the ball (it results in α 1 (iω) = α 2 (iω) = α(iω) and condition that number density of atoms ρ doesn't depend on the point inside the ball), Casimir energy is equal
Performing calculations, it is straightforward to obtain (2) respectively. Shaded area on the right picture shows area of integration in the third integral in (2) . Part of the sphere of radius r which is inside dielectric ball is denoted by dotted line . Its area is equal to
where E 1 (x) = +∞ 1 e −tx /t dt. Formula (3) answers one question which had longly been discussed. The question was: is it possible to make Casimir energy of connected dielectrics finite (work without divergences) by selecting the proper model of frequency dependent dielectric permittivity ε(iω) (with quickly decreasing behaviour when ω → ∞) in macroscopic approach without other assumptions ? The answer is : there is no such a model. Only when finite separation between atoms λ is taken into account, the energy is finite and physical. When λ → 0, the leading term in (3) 
so if we wish to take hypothetical limit λ → 0, we obtain divergence for every model of α(iω). The leading term (4) can also be obtained directly from van der Waals limit of (1) for every connected dielectric. The structure of (3) clearly shows that there are 4 kinds of terms. First and second lines of (3) represent volume and surface contributions to the energy respectively. The third line consists of terms which don't depend on radius of the ball. The fourth line consists of terms which don't depend on atomic separation λ and depend only on ball radius a.
According to general properties of dielectric permittivity on imaginary axis, it is possible to write the leading contribution from the fourth line of (3) as (it comes from frequencies ω ≪ ω 0 , ω 0 is a characteristic absorption frequency of materials, ω 0 a ≫ 1, so it is possible to use static polarizability α(0) in the leading approximation to the fourth line of (3) 
A review and references to different approaches which had been used to derive (5) are given in Appendix of [1] . However, the term (5) has a small influence on physics because physics is mainly governed by (4) and next to leading terms in (3) . The reason is quite simple -the term (5) is much less in magnitude than the terms in the first, second and third lines of (3). For example, ratio of terms in the first line of (3) to (5) is ∼ (ω 0 a)(a/λ) 3 ≫ 1. Usually all terms but (5) which appeared in different renormalization schemes were simply discarded or considered in macroscopic approaches as divergent contributions which add up to macroscopic quantities of the ball (e.g. volume, surface energies) during the renormalization procedure, as it often happens in field theory. So only the term (5) was usually considered as Casimir energy term. Theoreticians got used to believe that Casimir energy should depend only on geometry of the bodies, not on their internal structure, the term (5) depended only on ball radius a, so it seemed to be a proper Casimir energy term. However, this term made Casimir surface force repulsive. This consequence seemed strange but possible. Only equivalence of Casimir energy and dipole-dipole interaction for homogeneous dielectrics in the order (ε(iω) − 1) 2 makes obvious the fact that force should be attractive, but to our knowledge strict proof of equivalence between Casimir energy and dipole-dipole interaction on the basis of field theory had not been known. Authors used to calculate Casimir energies for arbitrary permittivities first, after that they considered the order (ε(iω) −1) 2 and checked by direct summation for concrete geometry that in this order energy of interaction is equal to summation via Casimir-Polder or van der Waals potentials. In [1] this gap was filled. The equivalence of Casimir energy and dipole-dipole interaction was proved for dilute homogeneous dielectrics on the basis of Lifshitz theory [3] . Potential (1) of dipole-dipole interaction is attractive for all distances, and one can not obtain repulsive Casimir forces for dilute dielectrics in principle because one starts from attractive potential. Even from this argument it is clear that the term (5) is not enough to obtain physically meaningful results. Terms including interatomic distance λ are greater in magnitude than (5) and must be taken into account in derivation of Casimir surface force.
After these remarks it is natural to prove that Casimir surface force on a dilute dielectric ball is attractive. It is convenient to define N ≡ a/λ, p ≡ ωλ. Then formula (3) can be rewritten in a general form
The function f (N, p) > 0 for N > 1, p > 0. The ball expands or collapses homogeneously, so N = const.
Conservation of atoms inside the ball imposes the condition
It is convenient to use Kramers-Kronig relations in the form
where the condition g(x) > 0 always holds [4] . Using (6), (7), (8), (9), Casimir force on a unit surface is equal to
F < 0 because all functions inside integrals are positive. Casimir surface force is attractive for every model of atomic polarizability consistent with general causal requirements. It may be worth imagine a model of dilute dielectric ball which wouldn't exist at all without dipole-dipole interaction. Without dipole-dipole interaction atoms would be free at large separations, they would interact only during the collisions due to short range interatomic forces. Energy of dipole-dipole interaction of such a system is just the energy which holds atoms of the ball together. When energy of dipole-dipole interaction is equal to the repulsive energy due to short range interatomic forces, the system is in equilibrium. We suppose that inert gases are good candidates for experimental checks of this model (and formula (3)) in nature.
Conclusions
Casimir energy of a dilute homogeneous dielectric ball at zero temperature is obtained for arbitrary physically possible frequency dispersion of permittivity in the order (ε(iω) − 1) 2 . Casimir surface force is proved to be attractive. All calculations are performed without divergences , average interatomic distance λ serves as a natural physical cut-off. Inert gases are proposed as candidates for experimental check of formula (3).
